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Abstract
We derive generalizations of a couple of inverse tangent summation identities involving
Fibonacci and Lucas numbers. As byproducts we establish many new inverse tangent
identities involving the Fibonacci and Lucas numbers.
1 Introduction
The Fibonacci numbers, Fn, and the Lucas numbers, Ln, n ∈ Z, are defined by:
F0 = 0, F1 = 1, Fn = Fn−1 + Fn−2 (n ≥ 2), F−n = (−1)n−1Fn (1.1)
and
L0 = 2, L1 = 1, Ln = Ln−1 + Ln−2 (n ≥ 2), L−n = (−1)nLn . (1.2)
Many inverse tangent summation identities involving the Fibonacci and Lucas numbers
are known in the Literature (see Adegoke [2], Frontczak [3], Hoggatt and Ruggles [4, 5],
Melham [6, 7]).
Using mathematical induction, Hoggatt and Ruggles [4, Theorem 5] proved
t∑
n=1
(−1)n+1 tan−1 1
F2n
= tan−1
Ft
Ft+1
, (1.3)
for non-negative integers t.
In the limit as t→∞, identity (1.3) gives
∞∑
n=1
(−1)n+1 tan−1 1
F2n
= tan−1
1
ϕ
, (1.4)
where ϕ = (1 +
√
5)/2 is the golden ratio.
Hoggatt and Ruggles [5] also derived
2
t∑
n=1
tan−1
1
L2n
=
t∑
n=1
tan−1
1
F2n+1
− tan−1 1
L2t+2
+ tan−1
1
3
, (1.5)
1
which gives
2
∞∑
n=1
tan−1
1
L2n
= tan−1 2 , (1.6)
since (Lehmer’s formula, Hoggatt and Ruggles [5, Theorem 5])
∞∑
n=1
tan−1
1
F2n+1
=
pi
4
(1.7)
and
pi
4
+ tan−1
1
3
= tan−1 2 . (1.8)
In this paper we offer, for m and t non-negative integers, the following generalizations of
(1.3) and (1.5):
2
t∑
n=1
(−1)n−1 tan−1 Fm
F2n+m−1
=
m∑
n=1
(−1)n−1 tan−1 2
L2n−1
+ (−1)t−1
m∑
n=1
(−1)n−1 tan−1 Lm
L2n+2t+m−1
−
t+m∑
n=t+1
(−1)n−1 tan−1 Fm
F2n+m−1
, m = 0, 1, 2, . . . ,
2
t∑
n=1
tan−1
Lm
L2n+m−1
=
m∑
n=1
tan−1
2
L2n−1
−
m∑
n=1
tan−1
Fm
F2n+2t+m−1
−
t+m∑
n=t+1
tan−1
Lm
L2n+m−1
, m = 1, 3, 5, . . . ,
with the limiting values:
2
∞∑
n=1
(−1)n−1 tan−1 Fm
F2n+m−1
=
m∑
n=1
(−1)n−1 tan−1 2
L2n−1
, m = 0, 1, 2, . . . ,
2
∞∑
n=1
tan−1
Lm
L2n+m−1
=
m∑
n=1
tan−1
2
L2n−1
, m = 1, 3, 5, . . . , .
If m is even, we show that
2
t∑
n=1
tan−1
Fm
F2n+m−1
=
m∑
n=1
tan−1
2
L2n−1
−
m∑
n=1
tan−1
Lm
L2n+2t+m−1
−
t+m∑
n=t+1
tan−1
Fm
F2n+m−1
,
with the limiting value:
2
∞∑
n=1
tan−1
Fm
F2n+m−1
=
m∑
n=1
tan−1
2
L2n−1
, m = 0, 2, 4, . . . .
2
We require the following identities which should be familiar or are easily derivable from the
multiplication and addition formulas of Fibonacci and Lucas numbers:
F2m = FmLm , (1.9)
FnLm + LnFm = 2Fm+n , (1.10)
Fn+2m − Fn = LmFn+m, m odd , (1.11)
Fn+2m − Fn = FmLn+m, m even , (1.12)
Fn+2m + Fn = FmLn+m, m odd , (1.13)
Fn+2m + Fn = LmFn+m, m even , (1.14)
Ln+2m − Ln = LmLn+m, m odd , (1.15)
Ln+2m − Ln = 5FmFn+m, m even , (1.16)
Ln+2m + Ln = 5FmFn+m, m odd , (1.17)
Ln+2m + Ln = LmLn+m, m even , (1.18)
FnFn+2m = F
2
n+m + F
2
m
, n odd , (1.19)
FnFn+2m = F
2
n+m − F 2m, n even , (1.20)
LnLn+2m = 5F
2
n+m − L2m, n odd , (1.21)
LnLn+2m = 5F
2
n+m + L
2
m
, n even . (1.22)
We also require the following inverse tangent identities:
tan−1
x+ y
1− xy = tan
−1 x+ tan−1 y , if xy < 1 , (1.23)
tan−1
x− y
1 + xy
= tan−1 x− tan−1 y , if xy > −1 . (1.24)
2 Inverse tangent Fibonacci-Lucas identities
As a consequence of identities (1.9) to (1.22) and the inverse tangent identities (1.23) and
(1.24), we have:
Lemma 1. The following identities hold for non-negative integers m and n:
tan−1
F2m
F2n+2m−1
= tan−1
Lm
L2n+m−1
− tan−1 Lm
L2n+3m−1
, m even , (2.1)
tan−1
F2m
F2n+2m−1
= tan−1
Lm
L2n+m−1
+ tan−1
Lm
L2n+3m−1
, m odd , (2.2)
tan−1
F2m
F2n+2m−1
= tan−1
Fm
F2n+m−1
− tan−1 Fm
F2n+3m−1
, m odd , (2.3)
tan−1
F2m
F2n+2m−1
= tan−1
Fm
F2n+m−1
+ tan−1
Fm
F2n+3m−1
, m even , (2.4)
3
tan−1
L2
m
L2n+2m
5F 22n+2m
= tan−1
Lm
L2n+m
− tan−1 Lm
L2n+3m
, m odd , (2.5)
tan−1
L2
m
L2n+2m
5F 22n+2m
= tan−1
Lm
L2n+m
+ tan−1
Lm
L2n+3m
, m even , (2.6)
tan−1
F 2
m
L2n+2m
F 22n+2m
= tan−1
Fm
F2n+m
− tan−1 Fm
F2n+3m
, m even , (2.7)
tan−1
F 2
m
L2n+2m
F 22n+2m
= tan−1
Fm
F2n+m
+ tan−1
Fm
F2n+3m
, m odd . (2.8)
We also have
tan−1
2
L2n−1
= tan−1
Lm
L2n+m−1
+ tan−1
Fm
F2n+m−1
. (2.9)
In order to obtain the summation identities associated with the identities in Lemma 1, we
require the following telescoping summation identities which hold for any sequence (Xi) of
real numbers (see Adegoke [1]):
k∑
n=1
(Xn −Xn+m) =
m∑
n=1
(Xn −Xn+k) , (2.10)
k∑
n=1
(−1)n−1 (Xn −Xn+m) =
m∑
n=1
(−1)n−1Xn + (−1)k−1
m∑
n=1
(−1)n−1Xn+k, if m is even
(2.11)
and
k∑
n=1
(−1)n−1 (Xn +Xn+m) =
m∑
n=1
(−1)n−1Xn + (−1)k−1
m∑
n=1
(−1)n−1Xn+k, if m is odd .
(2.12)
Infinite summations are evaluated using
∞∑
n=1
(Xn −Xn+m) =
m∑
n=1
Xn −
m∑
n=1
lim
k→∞
Xn+k . (2.13)
In particular, if Xk approaches zero as k approaches infinity, then we have
∞∑
n=1
(Xn −Xn+m) =
m∑
n=1
Xn , (2.14)
∞∑
n=1
(−1)n−1 (Xn −Xn+m) =
m∑
n=1
(−1)n−1Xn, if m is even (2.15)
and
∞∑
n=1
(−1)n−1 (Xn +Xn+m) =
m∑
n=1
(−1)n−1Xn, if m is odd . (2.16)
Lemma 1, identities (2.1), (2.3), (2.6), (2.7) and the telescoping summation identity (2.10)
lead to:
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Theorem 1. The following identities hold for non-negative integers t and m:
t∑
n=1
tan−1
F2m
F2n+2m−1
=
m∑
n=1
tan−1
Lm
L2n+m−1
−
m∑
n=1
tan−1
Lm
L2n+2t+m−1
, m even , (2.17)
t∑
n=1
tan−1
F2m
F2n+2m−1
=
m∑
n=1
tan−1
Fm
F2n+m−1
−
m∑
n=1
tan−1
Fm
F2n+2t+m−1
, m odd , (2.18)
t∑
n=1
tan−1
L2
m
L2n+2m
5F 22n+2m
=
m∑
n=1
tan−1
Lm
L2n+m
−
m∑
n=1
tan−1
Lm
L2n+2t+m
, m odd , (2.19)
t∑
n=1
tan−1
F 2
m
L2n+2m
F 22n+2m
=
m∑
n=1
tan−1
Fm
F2n+m
−
m∑
n=1
tan−1
Fm
F2n+2t+m
, m even . (2.20)
In the limit as t→∞, we have:
Corollary 2. The following identities hold for positive integers m:
∞∑
n=1
tan−1
F2m
F2n+2m−1
=
m∑
n=1
tan−1
Lm
L2n+m−1
, m even , (2.21)
∞∑
n=1
tan−1
F2m
F2n+2m−1
=
m∑
n=1
tan−1
Fm
F2n+m−1
, m odd , (2.22)
∞∑
n=1
tan−1
L2
m
L2n+2m
5F 22n+2m
=
m∑
n=1
tan−1
Lm
L2n+m
, m odd , (2.23)
∞∑
n=1
tan−1
F 2
m
L2n+2m
F 22n+2m
=
m∑
n=1
tan−1
Fm
F2n+m
, m even . (2.24)
Lemma 1 and identities (2.1), (2.2), (2.7), (2.8) and the telescoping summation identities
(2.11) and (2.12) give:
Theorem 3. The following identities hold for non-negative integers t and m:
t∑
n=1
(−1)n−1 tan−1 F2m
F2n+2m−1
=
m∑
n=1
(−1)n−1 tan−1 Lm
L2n+m−1
+ (−1)t−1
m∑
n=1
(−1)n−1 tan−1 Lm
L2n+2t+m−1
,
(2.25)
t∑
n=1
(−1)n−1 tan−1 F
2
m
L2n+2m
F 22n+2m
=
m∑
n=1
(−1)n−1 tan−1 Fm
F2n+m
+ (−1)t−1
m∑
n=1
(−1)n−1 tan−1 Fm
F2n+2t+m
.
(2.26)
In the limit as t→∞ in the identities of Theorem 3, we have:
5
Corollary 4. The following identities hold for non-negative integers m:
∞∑
n=1
(−1)n−1 tan−1 F2m
F2n+2m−1
=
m∑
n=1
(−1)n−1 tan−1 Lm
L2n+m−1
, (2.27)
∞∑
n=1
(−1)n−1 tan−1 F
2
m
L2n+2m
F 22n+2m
=
m∑
n=1
(−1)n−1 tan−1 Fm
F2n+m
. (2.28)
3 Generalizations of the identities of Hoggatt and Rug-
gles
Lemma 2. Let (Xi) be a sequence of real numbers and let m and t be integers. Then,
2
t∑
n=1
Xn =
t∑
n=1
(Xn +Xn+m) +
m∑
n=1
Xn −
t+m∑
n=t+1
Xn , (3.1)
2
t∑
n=1
(−1)n−1Xn =
t∑
n=1
(−1)n−1(Xn −Xn+m) +
m∑
n=1
(−1)n−1Xn −
t+m∑
n=t+1
(−1)n−1Xn, m odd ,
(3.2)
2
t∑
n=1
(−1)n−1Xn =
t∑
n=1
(−1)n−1(Xn +Xn+m)+
m∑
n=1
(−1)n−1Xn−
t+m∑
n=t+1
(−1)n−1Xn, m even .
(3.3)
Proof. We have
t∑
n=1
(Xn+m +Xn) =
t+m∑
n=m+1
Xn +
t∑
n=1
Xn
=
t+m∑
n=1
Xn −
m∑
n=1
Xn +
t∑
n=1
Xn
= 2
t∑
n=1
Xn +
t+m∑
n=t+1
Xn −
m∑
n=1
Xn ,
from which identity (3.1) follows. Identities (3.2) and (3.3) are proved when we replace Xn
by (−1)nXn in identity (3.1).
Theorem 5. The following identities hold for t and m non-negative integers:
2
t∑
n=1
tan−1
Lm
L2n+m−1
=
m∑
n=1
tan−1
2
L2n−1
−
m∑
n=1
tan−1
Fm
F2n+2t+m−1
−
t+m∑
n=t+1
tan−1
Lm
L2n+m−1
, m odd ,
(3.4)
6
2t∑
n=1
tan−1
Fm
F2n+m−1
=
m∑
n=1
tan−1
2
L2n−1
−
m∑
n=1
tan−1
Lm
L2n+2t+m−1
−
t+m∑
n=t+1
tan−1
Fm
F2n+m−1
, m even ,
(3.5)
2
t∑
n=1
(−1)n−1 tan−1 Fm
F2n+m−1
=
m∑
n=1
(−1)n−1 tan−1 2
L2n−1
+ (−1)t−1
m∑
n=1
(−1)n−1 tan−1 Lm
L2n+2t+m−1
−
t+m∑
n=t+1
(−1)n−1 tan−1 Fm
F2n+m−1
.
(3.6)
Proof. Setting Xn = tan
−1(Lm/L2n+m−1) in (3.1) and making use of (2.2) gives
2
t∑
n=1
tan−1
Lm
L2n+m−1
=
t∑
n=1
tan−1
F2m
F2n+2m−1
+
m∑
n=1
tan−1
Lm
L2n+m−1
−
t+m∑
n=t+1
tan−1
Lm
L2n+m−1
,
which by (2.18) is
2
t∑
n=1
tan−1
Lm
L2n+m−1
=
m∑
n=1
tan−1
Fm
F2n+m−1
−
m∑
n=1
tan−1
Fm
F2n+2t+m−1
+
m∑
n=1
tan−1
Lm
L2n+m−1
−
t+m∑
n=t+1
tan−1
Lm
L2n+m−1
,
from which identity (3.4) follows when we make use of idetity (2.9).
The proof of (3.5) is similar. Use Xn = tan
−1(Fm/F2n+m−1) in (3.1) and make use of (2.4),
(2.17) and (2.9).
To prove (3.6), first set Xn = tan
−1(Fm/F2n+m−1) in (3.2) and use (2.3), (2.25) and (2.9).
This gives
2
t∑
n=1
(−1)n−1 tan−1 Fm
F2n+m−1
=
m∑
n=1
(−1)n−1 tan−1 2
L2n−1
+ (−1)t−1
m∑
n=1
(−1)n−1 tan−1 Lm
L2n+2t+m−1
−
t+m∑
n=t+1
(−1)n−1 tan−1 Fm
F2n+m−1
, m odd .
(3.7)
7
Next set Xn = tan
−1(Fm/F2n+m−1) in (3.3) and use (2.4), (2.25) and (2.9). This gives
2
t∑
n=1
(−1)n−1 tan−1 Fm
F2n+m−1
=
m∑
n=1
(−1)n−1 tan−1 2
L2n−1
+ (−1)t−1
m∑
n=1
(−1)n−1 tan−1 Lm
L2n+2t+m−1
−
t+m∑
n=t+1
(−1)n−1 tan−1 Fm
F2n+m−1
, m even .
(3.8)
Identities (3.7) and (3.8) imply identity (3.6).
Lemma 3. Let Xi be a sequence of real numbers such that lim
i→∞
Xi = 0. Then,
2
∞∑
n=1
Xn =
m∑
n=1
Xn +
∞∑
n=1
(Xn +Xn+m), m integer , (3.9)
2
∞∑
n=1
(−1)n−1Xn =
m∑
n=1
(−1)n−1Xn +
∞∑
n=1
(−1)n−1(Xn −Xn+m), m odd , (3.10)
2
∞∑
n=1
(−1)n−1Xn =
m∑
n=1
(−1)n−1Xn +
∞∑
n=1
(−1)n−1(Xn +Xn+m), m even . (3.11)
Taking limit as t goes to infinity in Theorem 5 or using Lemma 3 with the Xn choices in
the proof of Theorem 5, we have:
Corollary 6. The following identities hold for non-negative integers m:
2
∞∑
n=1
tan−1
Lm
L2n+m−1
=
m∑
n=1
tan−1
2
L2n−1
, m odd , (3.12)
2
∞∑
n=1
tan−1
Fm
F2n+m−1
=
m∑
n=1
tan−1
2
L2n−1
, m even , (3.13)
2
∞∑
n=1
(−1)n−1 tan−1 Fm
F2n+m−1
=
m∑
n=1
(−1)n−1 tan−1 2
L2n−1
. (3.14)
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